MATH 341 - Linear Algebra - Exam 2 Review - Spring 2008
1. Answer the following with either TRUE or FALSE.

(a) The span of a set of five distinct nonzero vectors from R* will always equal all of R*.

1 2 3 4 )
0 0 0 0 0 1. 4
FALSE - The span of the vectors ol 1ol 1ol 1ol ol clearly not all of R
0 0 0 0 0
0
because the vector (1) is not in the span of these vectors.
0
(b) The span of a set of three distinct nonzero vectors from R* can never equal all of R*.
TRUE
(c) If rank(A) < rank( [A | ?D , then the system A7 = D is inconsistent.
TRUE
(d) Suppose A is an m x n matrix. The set of solutions to the system A7 = 0 forms a subspace
of R™.

FALSE - The set of solutions to this system forms a subspace of R".

(e) If Wi and W, are subspaces of a vector space V', then W U Wj is never a subspace of V.
FALSE - If either W; C W5 or Wy C W1, then W7 U W, is a subspace of V.

(f) If A is invertible and A and B are multiplicatively compatible, then rank(AB) = rank(B).
TRUE

(g) If dim (V) =5 and S has five elements, then S is a basis for V.
FALSE - The set S would need to span V' (or be linearly independent).

(h) If dim (V) = 7 and S has nine elemnents, then S is linearly dependent.
TRUE
(i) If S spans V, then every vector in V' can be written uniquely as a linear combination of vectors
in S.
FALSE - S must be linearly independent and span V' in order for this to be true.
(j) If dim (V) = 8 and S has 10 elements, then S can be reduced to form a basis for V.
FALSE - This is true only if .S also spans V.

(k) If 0 € S, then S is linearly dependent.
TRUE

(1) If A is an m x n matrix, then the row space and column space of A are a subspaces of R".
FALSE - The row space is a subspace of R", but the column space is a subspace of R™.
(m) If A is an m x n matrix, then the dimension of the column space of A plus the dimension of the
nullspace of A equals m.

FALSE - The number of pivots in rref (i.e. the dimension of the column space) plus the number
of free variables in rref (i.e. the dimension of the nullspace) equals the number of columns, not
the number of rows.



2. Let

1 2 0 32 5

-1 1 -3 34 7

B = 0 -2 2 —4 1 -3
2 0 4 -2 0 -2

1 0 2 -11 0

See problems 17 and 18.

3. A couple questions about bases and subspaces...justify your answers!

(a) If V is a vector space of dimension 8, if U is a subspace of V' of dimension 5, and if W is a
subspace of dimension 6, what are the minimum and maximum dimensions U N W can have?

Since UNW is a subspace of both U and W, the largest dimension U "W can have is the smaller
of the dimensions of U and W. So, the maximum dimension U N'W can have is 5.

Recall that U+ W = {u +w | w € U,w € W}. Let {¥'1, Vs,..., Ui} be a basis for U N W.
Since {1, Vg, ..., U1} is a linearly independent subset of vectors of U (each vector in the set
is in both U and W), we can add vectors 1, UWs, ..., Uy, from U to {01, V', ..., U} so that
the set {01, Vg, ..., Uk, W1, Wa,..., U} is a basis for U. Similarly, since {01, 0y, ..., Ui} is
a linearly independent subset of vectors of W, we can add vectors Wi, W, ..., W, from W to
{1, Vs, ..., Ui} so that the set {01, V', ..., U, W1, Wa, ..., W,} is a basis for W.

Now, consider the set {01, Vg, ..., Uk, U1, Wy, U, W1, Wa, ..., Wy} . We claim that this set
is a basis for U + W. To show that this set spans U + W, let & + @ € U + W. Since ¥ is in U,

we can write u« as a linear combination of vy, vy, ..., Vg, U1, Wa, ..., U ,,. Since w is in W, we

— . . . — = S — A —
can write w as a linear combination of v'y, v'g, ..., V', W1, Wa, ..., W,. SO, Wwe can write u + w
as a linear combination of v'q, Vg, ..., Uk, W1, UWa, ..., Uy, W1, Wa,..., W,. Hence, v + w is in
h f — — — — — — — —
t € span o {Uh V2yeey Vgy, U1, U2y.eey Uy, W1, W2, an}

To show that this set is linearly independent, we know that the set { vy, Vg, ..., Vg, W1, Way .oy U}
. . . . o, . . —_> . . — —_ —_ —_ —_
is linearly independent by construction (it is a basis for U). If w; is in the span of { 0’1, Vg, ..., U, U1,
for some i = 1,...,n, we would be able to express w,; as a linear combination of vectors
that all live in U. Since U is a subspace, any linear combination of vectors from U is in
U, which would make w; live in U. By construction, w, is in W; hence, w;, € U N W.
Since {v'1, Vg, ..., Uk} is a basis for U N W, we now have that w; is a linear combination
of ¥y, Vg, ..., Uk, making {0y, ¥'g,..., U, w;} a linearly dependent set. This contradicts
the fact that {v'y, ¥'g, ..., Uy, W1, Wa,..., W,} is a basis for W. Thus, w; is not in the span of
{01, Vo, o, Uk, Wy, Wa, ..., U, } foralli = 1, ..., n. Applying this n times, we get { 0’1, Vs, ..., Uk, W1,
is linearly independent.
Since {01, Vg, .oy, Vg, W1, Way ooy U, W1, Wa, ..., Wy} is linearly independent and spans U +
—  — — = — — = = — . .
W, we get {01, U,y Uk, W1, Wy ey Uy, W1, Wa, ..., Wy} is a basis for U + W. So,

dm(U+W) = k+m+n
= k+m+k+n—k
= dim (U) + dim (W) — dim (U N W)

Since U + W is a subspace of V, the largest dimension it can have is 8. So, we have

8 > 5+6—dim(UNW)
dm(UNW) > 3



(b) Suppose S is a linearly independent set of 6 vectors in R'>. What is the maximum number of
vectors that could be added to S and have the resulting set still be linearly independent?

Since the dimension of R!® is 15, the maximum number of elements of we can add and still have
a linearly independent set is 9.

(¢) Suppose S is a set of 17 vectors in My, the set of all 4 x 3 matrices with real number entries.
What is the minimum number of vectors that could be removed from S to form a linearly
independent set? What requirement must S satisfy to obtain this minimum number? (HINT:
Think basis.)

The dimension of M,s is 12. So, we must remove at least 5 elements from the set to form a
linearly independent set. If we only need to remove 5 vectors, then this set will be a basis. This
means the original set must have been a spanning set for M.

4. Answer the following.

(a) The set of all matrices of the form 0 } is a subspace of Masy. (You do NOT need to prove

a

0 b
this.) Find a basis for this subspace and determine the dimension of this subspace.
Let?lz |:é 8:| 72: |:8 Q]Then |:g 2:| :(l|:(1] 8:|+b|:g (1):|SO,{71,72}
spans this subspace. Clearly, ¥’y is not a nonzero scalar multiple of v';; hence, {¥'1, ¥'5} is
linearly independent. This gives {01, 7’5} is a basis for this subspace, and hence its dimension
is 2.

(b) Show that P’y = 1+x, pa =1+ 22 p3 =+ 2% is a basis for P, and find the coordinates of
P =2 — x + 22 with respect to this basis.
We can answer both questions by looking for constants k1, ko, ks so that ky p1+ko po+ksps =
7. By equating like terms, we get the system of equations

eyt hy = 2
k4 ks = —1
ky+ks = 1

Setting up an augmented matrix and row reducing, we get

110 2 100 0O
101 -11Z]010 2
011 1 001 —1

Since the coefficient matrix is row equivalent to the identity matrix, we have that S = {p'1, P2, D3}
is a linearly independent set. Finally, p’ = (0,2, —1).

3 1 6 7
(c)Let V1 =] -2 |, ¥y=1|1]|,v3=| —4|,74s=| —8 |.Find a basis for the subspace
1 1 2 1

of R? spanned by {01, 7'y, U3, U4} that uses only vectors from this set, and express the vectors
not in the basis as a linear combination of the basis vectors.

To find a basis for the subspace these vectors span, we put the vectors as columns in a matrix,
row reduce, and use the vectors that are the columns in the original matrix that correspon to
the columns in the matrix in rref that have pivots.

31 6 7 102 3
921 -4 8| X2|lo0o10 -2
11 2 1 000 0



[ 3] [1
The first two columns have pivots; hence, a basis for the subspace is -2 1,11 . Also,
1 1
3 1 6 3] [ 1 7
from the rref, weseethat 2 | -2 | +0| 1 | =| -4 |and3| -2 | —=2| 1 | = | =8
1 1 2 1] |1 1

5. Let {71, ¥y, U3} be a basis for a vector space V. Show that {7, us, w3} is also a basis, where
= 71 - ?2,73 = 271 - 272 + ?3.
Since {¥'1, Vs, U3} is a basis for a vector space V, every basis must have three elements. So, since
{1, W, W3} has three elements, we only need to show that this set is linearly independent. To this
%
end, suppose ki1 W1+ ko Wo + ks s = 0. We then have

W1+ ke UWa+ksWs = 0
ky 01+ ko (71 - 72) + ks (271 — 27y + 73) = ﬁ
(/ﬁ -+ k2 + 2k3) ?1 -+ (—]{72 - 2]€3) ?2 -+ kg?g = ?
Since {¥'1, Vs, U3} is a basis, we know that
k’l —f- ]{?2 + 2]{33 — 0
—]{72 - 2]{?3 =0
ks = 0
Solving this system, we see
1 1 20 1 000
0 -1 2020100
0O 0 10 0 010
SO, if klﬂ)l -+ k272 -+ k373 = 6), then ]{71 = kg = kg = 0. This giV@S {71,72,73} is linearly

independent and hence a basis for V.

6. The following questions refer to vector spaces.

(a) Show that R? with addition defined as (x,y)®(r,s) = (z + 7 + 1,y + s) and scalar multiplication
defined as a ® (z,y) = (ax + a — 1, ay) is a vector space. (I am not trying to trick you here.
This IS a vector space.)

(z,y) +(r,s) = (x+r+1,y+s)
e R?

So, axiom 1 holds.

(z,y) + (r,s) = (x+r+1,y+s)
(r+z+1,s4y)
= (rs)+(z.y)

So, axiom 2 holds.



(x,y)+ (r+t+1,s+u)
(x+(r+t+1)+1Ly+(s+u))
= ((x+r+1)+t+1,(y+s)+u)
(x+r+1Ly+s)+ (t+u)
((z,y) + (r,s)) + (t,w)

(@, y) + ((r,8) + (t,u))

So, axiom 3 holds.
. Let 0 = (—1,0). Then,

= (x—141,y+0)
= (7,y)

and

0+ (a:,y) = (_170) + (l’,y)
= (-1+2+1,0+vy)
= (,9)
So, axiom 4 holds.
. Let — (x,y) = (2 — z,—y). Then,

(x,y)+(2—a:,—y) = (a:—i—(2—x)—|—1,y—y)

So, axiom 5 holds.
a(z,y) = (az+a—1ay)

So, axiom 6 holds.

a((z,y) +(rs)) = alz+r+1ly+s)
(@@+r+1)+a—TLa(y+s)

= (av4+ar+a+a—1ay+ as)
(az+a—14+ar+a—1+1ay+ as)

= (ax+a—1ay)+ (ar+a—1,as)

= a(z,y)+a(rs)

So, axiom 7 holds.



(a+8)(z,y) = ((@+B)z+(a+p)—1(a+5)y)
= (ax+a—-1+px+—-14+1,ay+ Py)
= (ax+a—1,ay)+ (Bx+ 5 —1,05y)
= a(z,y)+6(z,y)

So, axiom 8 holds.

a(B(z,y) = a(fr+pB-1,5y)

= (a(fr+p-1)+a~-1a(By)
((af) z + (af) — 1, (ap)y)
= (ap) (z,y)

So, axiom 9 holds.
10.

So, axiom 10 holds.
Since all 10 axioms hold, this is a vector space.

(b) Determine whether or not R? with ordinary scalar multiplication, but scalar multiplication
defined as k ® (x,y) = (0,0), where k € R, is a vector space.

Checking axiom (S4), we see

1® (z,y) = (0,0)
# (z,y)

So, (S4) fails, and thus this is not a vector space.

— —
¢) Prove that, in any vector space V', we have 0v = 0 , where 0 is the zero vector of V', and v
y
is any vector in V.

= 07 407 by axiom S2

= —(07)+ (07 +07%) by axiom A3
)+ (07 +07) by axiom A3

—(0W) +07) + 07 by axiom Al

+ 07 by axiom A3

= 07 by axiom A2

~—

7. The following questions refer to subspaces.

(a) The set V of all everywhere differentiable functions (i.e. f’(z) exists for all z € R) forms a
vector space under usual addition and scalar multiplication. (You do NOT need to check this
fact.) Let W = {f (z) € V| ' (2) = 0}. Determine if W is a subspace of V.



Let f(x),g(z) € W. Then,

(f+9) (2 = f(2)+d(2)
= 040

Hence, (f + g) (x) € W. Also,

(af)(2) = af'(2)

= a-0
0

Hence, (af) (z) € W. Hence, W is a subspace of V.

(b) The set C [a, b] of all continuous functions on the interval [a, b] forms a vector space under usual
addition and scalar multiplication. (You do NOT need to check this fact.) Determine if

b
W:{fEC[a,bH/ fd:czl}
is a subspace of C'[a, b].

Iff,geVV,thenfabfdmzlzfabgdle.Wehave

/ab(erg) dr = /abfder/abgdx

1+1
2

So, f+g ¢ W, and W is not a subspace of V.

(c) Let U and W be subspaces of a vector space V. Show that U N W is also a subspace of V' by
showing the closure axioms hold.

Let uuw € UNW. Then, u,w € U and u,w € W. Since U and W are subspaces of V', we
have u+w € U and u+w € W. Hence, u+w € UNW. Also, au € U and au € W. So,
au e UNW,and UNW is a subspace of V.

8. Let

(a) Determine if span {vy, vo, v3} = R3.
(

b) Let u; = v;. Compute u; = vy — proj,, vo.

d

(e) Determine unit vectors in the same direction as u, us, ug.

)

)
(c) Compute uz = V3 — proj,, vz — proj,,vs.
(d) Compute u; - ug, u; - ug, and us - u.

)

a. Consider



Row reducing, we get

1 00
010
0 01
This means the column space of this matrix is all of R?. Hence, span {vy, vq, v3} = R3.
. Vo -y
Proj,, vo = u
u; - U
. —2-3-1 H
14141 ]
—2
= 2
-2
Uy = V3 — Proj,, Vs
[ —2 —2
= 3 — 2
| -1 2
[ 0
= 1
|1
. V3 - up
PrOJu, Vs = uy - u1ul
_1-2-a|
1+1+1 1
5
)
_ 5
- 3
_35
3
. V3 - U
pTOJu2V3 U - Uy Us
_0+2-4])
0141
0
— | -1
—1
U3 = V3 — PIOj, V3 — Proj,,Vs
- 7 5
1 = 0
=2 |- i]-]
| —4 | s 1
" s 7
_ |
s
[ 73 |




u; -y = 0—1+1

=0
8 4 4
u-u3 = - — - — =
P 3 3 3
=0
4 4
. = 0 - -
Uy - Us +3 3
= 0
€.
111_1 11
Tl = V3|
LIQ_]. ?
ful ~ V2 | 5
8
u3_3 Z
[usl|  4v6 | %4
3

9. In a vector space, prove k0 = 0 for all scalars k.

k0 = k(0+0)
kO = kO+kO

kO + (—k0) = (kO + kO) + (—kO0)
0 = kO+ (kO+ (—k0))
0 = k0+0
0 = kO

10. Let V. ={f]| f (z) > 0 for all z € R} with addition defined as

(f +9) (@) =f(x) g(x)
and scalar multiplication defined as
(af) (z) = [f (@)
Determine if V' is a vector space.

(1) Certainly, (f + g) (z) = f (x)-g (x) € V because f (z) and g (z) are positive, making their product
positive.

(2)

(f+9)(x) = [f(z)-
g



(f+(g+h)(x) = (f+gh)(2)
= [(@)(g(z)h(z))
= (f(@)g(@))h(x)
= (f+9) (@) h(z)
= ((f+9)+h)

(4) Let 0 (z) = 1. Then
(f+0)(z) = f(z)0(x)

= f(z)
= 0(x) f ()
= (0+/)(2)

(5) Let —f (z) = ﬁ Since f (x) > 0 for all x, —f () € V. Then

~
_l_
|
=
I
k’ﬁ
S

and

(6) Since f (z) > 0 for all z, af (z) = [f (x)]" € V.
(7)

I
—
~
—~

8
=
sy
—_
Q

I

Q
=
~
—~

8
~—
~—

a((f+9)(x))

TR TR TR T
=
—~
S
Pt
()

o
o)
kh
O
Sy
kﬁ
=



11.

12.

13.

14.

(10)

So, this is a vector space.
Let V = M,,,, the vector space of n X n matrices. Let W = {A € M,, | AT = —A}. Determine if
W is a subspace of V.
Let A, B € W and let « € R. Then
(A+B)" = AT+ BT
= —A+(-D)
= —(A+B)

So, A+ BeW.
(@A) = aAT

So, aA € W. Hence, W is a subspace of V.

Let {vy,va,...,v,.} CR™ If r > n, show that {vy, vy, ..., v, } is linearly dependent.

Since the dimension of R" is n, the maximum size any linearly independent set can have is n. Since
r > n, it follows that {vy, vs,...,v,} is linearly dependent.

Let V' be a vector space, and let {vy,vs,...,v,} C V be a linearly independent set. If v,.; ¢
span {vy, Vo, ..., v, }, show {vi, Vs, ..., v,, v,11} is also a linearly independent set.

Suppose {Vv1,Va, ..., Vy, Vpi1} is linearly dependent. Then there is some v; that can be written as a
linear combination of the other vectors, say

Vi =01V] +eVy + o+ 1 Vi1 + Qg Vipr s+ 0V + Q1 Vi

If a1 = 0, then {vy, Vs, ..., v, } is a linearly dependent set, which contradicts the assumption that
{v1,Vva,..., v, } is linearly independent. If o, 1 # 0, then we have
(071 (6% 1 Anp

Vl_ V2—---— Vi—..._
Q41 Ont1 On41 Q41

Vo4l = — Vn

which means v,, 1 € span {vy,va, ..., v, }, another contradiction. So, {v1,Vva, ..., V,, V,i1} is alinearly
independent set.

Let P, be the vector space of all polynomials of degree less than or equal to 2 (and including the zero
polynomial).

(a) Show {1,z,z%} is a basis for P,.

Since this matrix is the identity matrix, it follows that {1, z, 2%} is a basis for P».



(b) Is {1+ x + 2%,z + 2% 2%} a basis for P,? Why or why not?

rref

1 00 100
11 0f—]1010
1 11 0 01

Since the rref of this matrix is the identity matrix, it follows, that {1 + z + 2% x + 2% 2} is a
basis for P,

(c) Is {4 + 6z + 22, —1 + 42 + 2225 + 22 — 2} a basis for P,? Why or why not?

4 -1 5 10 1
6 4 21" |01 -1
1 2 -1 00 0

Since the rref of this matrix is not the identity matrix, it follows, that {4 + 6z + 22, —1 + 4z + 2225 + 2
is not a basis for P,

15. Let
1 -2 2 -1
A= -3 6 1 10
1 -2 -4 -7

(a) Determine if col (A) = R3.
Row-reducing A, we get

1 -2 0 =3
0 0 1 1
0 0 0 O

Since we do not have a pivot in every row, the vectors cannot span R*. Hence, col (A4) # R3.
(b) Find a basis for col (A).

Using the row-reduced matrix, we see that a basis for col (A) is

(c) What is the dimension of col (A4)?
Since there are two elements in the basis, we have the dimension of col (A4) is 2.

16. Let
1 -1 1
v, = 4 vy = 5 vy = 13
-1 1’ 6 ’ 4
3 2 7

(a) Is the set {vy, Vs, v3} linearly independent? Does it form a basis for R*? Why or why not?

We construct a matrix by using the vectors vy, vy, v3 as the columns.

1 -1 1
4 5 13
-1 6 4
3 2 7



Row-reducing, we get

OO =

0

S = O

0

_ o O

0

Since there is a pivot in each column, we see the set {vy, vo, v3} is linearly independent. However,
this set does not form a basis for R* since R* is 4 dimensional and would need 4 elements in a

basis.
(b) Find a basis for col (A), where

(c) Is the vector

-1 1
) 13
6 || 4
2 7

—18

-99
3
0

in col (A)? Why or why not? If it is, find the coordinates of this vector relative to the basis you

found in part b).

To determine if a vector is in col (A), we need to see if we can solve

1 -1 1
4 5 13
-1 6 4
3 2 7
Augmenting and row-reducing, we get
1 —
4 5
-1 6
3 2
1 0
0 1
00
0 0
We see that we get the solution
C1
C2
C3

o —18
o | = -99
C3 3
0
1 —18
13 —99
4 3
7 0
117
66
—69
0
117
66
—69

These are also the coordinates with repsect to the basis.



(d) Is the vector

V4 =

= o O

0

in col (A)? Why or why not? If it is, find the coordinates of this vector relative to the basis you
found in part b).
Augmenting and row-reducing as we did in part c), we get

1 -1 1 0
4 5 13 0
-1 6 4 1
3 2 70
1000
0100
0010
0001

We see this has no solution. Hence, v4 ¢ col (A).

(e) Is {vi, Vs, V3, v4} a basis for R*? Why or why not?

Since we have a pivot in every column in the above matrix, and the columns of the matrix are
the vectors vy, vo, v3, vy, the set{vy, vo, v3, v4} is linearly independent. Since it has 4 elements,
it is a basis for R*.

17. Let
1 -2 2 -1

A= -3 6 1 10
1 -2 -4 -7

(a) Find a basis for row (A) for the matrix A in problem 1.

1 -2 0 -3
Row reducing, we have | 0 0 1 1
0 0 0 O

So, a basis for the row space is {[1,—2,0,—3],[0,0,1,1]}
(b) Find a basis for row (A) using only original rows of A.
Since row (A) = col (A7), we first take A” and then row reduce

—_
[

1 -3 1 10 -4
—2 6 =2 | e |01 8
2 1 —4 00 0
-1 10 -7 00 0

So, the first two columns correspond to the basis vectors. Hence, a basis for row (A4) is
{l1,-2,2,-1],[-3,6,1,10]}.
(c) What is the dimension of row (A)? How does it compare to the dimension of col (A)?

Since there are two elements in the basis for row (A) , the dimension is 2. After row reducing A,
we see two columns with pivots. Hence, the dimension of col (A) is 2. So, these two dimensions

are equal.



(d) Find a basis for row(B) and col (B) for

1 2 0 3 2 5
-1 1 -3 3 4 7
B= o -2 2 —4 1 -3
2 0 4 -2 0 -2
1 0 2 -1 1 0
Row reducing, we see
10 2 -1 0 -1
01 -1 2 0 2
00 0 0 1 1
00 0 O 0 O
00 0 O 0 O
So, a basis for the row space is {[1,0,2,-1,0,-1],[0,1,—1,2,0,2],[0,0,0,0,1,1]} . A basis for
2 2
1 4
the column space is 0 , 1 .
2 0
1 1
(e) What is the dimension of row (B) and col (B)?

The dimension of both is 3.
18. Let A be an m X n matrix and x be an n X 1 column vector.

(a) Show that
{x e R" | Ax =0}

forms a subspace of R™ by showing the closure axioms hold.

Let W ={x € R" | Ax =0}, and let u,v € W. Then

A(u+v) = Au+Av
= 040
=0

Hence, u+v € W. Also

A(au) = a(Au)
= a-0

o

Hence, ou € W. So, W is a subspace.

(b) For the matrix B of problem 17, solve the equation Bx = 0 for x.
Row-reducing, we get

10 2 —-10 —-10
01 -1 2 0 2 0
oo o0 0 1 1 O
oo o0 0 0 0 O
oo 0o 0 0 0 O



We see that x3, x4, and zg are the free variables. Let

T3 = T
Ty = S
Tg = t
Then
Ty = —t
Tog = r—25—2t
Ty = —2r+s-+t
Our solutions are
[ —2r + 541t ] [ —2 7 [ 1 ] [ 1]
r—2s— 2t 1 -2 -2
T 1 0 0
S =r 0 +s 1 + 1 0
—t 0 0 -1
i t ] | 0 ] | 0] | 1]

(c) Determine a basis that spans null (A).
After writing the solutions in vector form, we have the basis

(2771717171
1 —9 —2
1 0 0
Yool 1] o
0 0 ~1
Lo Lo [1])

(d) What is the dimension of null (4)? (This number is called the nullity of A, denoted nullity(A).)
Since the above basis has three elements, the dimension of null (B) is 3.

(e) What relationship do you observe between rank (A), nullity (A), and the number of columns of
A?
From problem 3, we found rank (B) = 3. We now have nullity (B) = 3. The number of columns
of B is 6. The relationship is

rank (B) + nullity (B) = number of columns of A

19. Show that if v is orthogonal to both w; and ws, then v is orthogonal to k;w; + kows for all scalars
k‘l and k’g.

Since v is orthogonal to both w; and wy, we have v-w; = 0 = v - wy. Now
v (kiwy + kaows) = ki (Vv-wy) + ko (V- wo)

= k1 (0) + k2 (0)
=0



20. Find bases for the column space, row space, and nullspace of the matrix

-1 2 0 4 5 =3
3 =72 0 1 4
A= 2 =52 4 6 1
4 -9 2 —4 —4 7
What is the rank and nullity of this matrix?
Row-reducing, we have
-1 2 0 4 5 =3 1 0 —4 —28 —-37 13
3 =72 0 1 4 rref 01 -2 —-12 —-16 5
2 -5 2 4 6 1 0 0 O 0 0 0
4 -9 2 —4 —4 7 0 0 O 0 0 0
So, a basis for the column space is
-1 2
3 —7
2 |7 =5
4 -9

a basis for the row space is
{[1,0,—4,—-28,-37,13],1[0,1, -2, —12, —16, 5]}

and a basis for the null space is

([47 [287 [37] [-13])
2 12 1 -5
1 0 0 0
ol 1| o]|| o
0 0 1 0
Lol o] o] | 1 ]]

The rank of the matrix is 2, and the nullity is 4.



