Vector Space Practice

Directions: Determine whether or not the following are vector spaces.

1. R? under ordinary addition, but scalar mulltiplication is defined as k (z, ¥, 2) =

(A) Let (z,y,2), (2,9, 2') € R%. Then,

(@,y,2) + (&' ¢/, ¥)
So, axiom A holds.
(S)

k(x,y,2) =

So, axiom S holds.

(A1)

(z,y,2)+ (2", v, ") + (2", 4", 2"))

So, axiom A1l holds.
(A2) Let 0 = (0,0,0). Then

(r,y,2) +0 =

So, axiom A2 holds.

(A3) If we have (z,y, 2), consider — (x,y, z) =

(x,y,z) + <_ (LU,y,Z))

So, axiom A3 holds.
(Ad)

'r7y7z + xl? /721
Y

So, axiom A4 holds.

(kz,y,z).

=(r+ay+y,z2+7) R

(kz,y,2) € R®

) (x +x//’y/+y//’zl —I—Z”)
(17 +af ) y+ W +y"), 2+ (Z+2"))

x,

(
(
(
(
(

(x4+2)+a", (y+y)+y' (2 +2)+2")
c+a y+y,z+2)+ (" y",2")
(z,y,2) + (', y, ) + (2", 4", 2")

(x,y,2) +(0,0,0)

(2,9, 2)

(0,0,0) + (z,y, 2)

0+ (z,y,2)

(—x,—y,—z). Then,

('Tv Y, Z) + (—SC, Y, _Z>
(@ + (—2),y+ (=y), 2+ (=2))
(0,0,0)
0

(z+2y+y,z+7)
(' + 2,y +y,2 + 2)
(29, 2") + (z,y, 2)



(S1)

k((@,y,2)+ @@y, 7)) = k(@+2dy+y,2+7)
(k(z+2"),y+y, 2+ 2)
(kx + k' y+vy, 2+ 2')
= (ka,y,2) + (ka,y',2)
= k(z,y,2)+ k(2 y,72)
So, axiom S1 holds.
(S2) Let a =B =1,(x,y,2) = (1,1,1). Then

(a+B)(z,y,2) = 2(1,1,1)
= (2,1,1)

But

a(z,y,z)+ 6 (x,y,2z) = 1(1,1,1)+1(1,1,1)
— (1,1,1)+(1,1,1)
= (2,2,2)

So, axiom S2 fails.

(S3)

a(ﬁ(m,y,z)) = Q(BI Y,z )

(a(Bz),y,2)
= ((aB)z,y,2)
= (ap) (z,y,2)
So, axiom S3 holds

(S4) Since 1 (z,y,2) = (z,v, z), axiom S4 holds.
This is not a vector space.

2. The set My, of all 2 x 2 matrices under ordinary scalar multiplication, but addition
defined as A + B = 0, the zero matrix, for all A, B € Ms,.

(A)
A+B=0¢€ My
So, axiom A holds.

(S)
aA e M22

So, axiom S holds.



(A1)
A+(B+C) = A+0
=0
= 0+C
(A+B)+C
So, axiom A1l holds.
(A2) If 0 = B and A is not the zero matrix, then A+ B = 0 # A. So, axiom A2 fails.

(A3) Since axiom A2 fails, so must axiom A3.

(Ad)
A+B=0=B+A
So, axiom A4 holds.
(S1)
a(A+B) = a0
— 0
= aA+aB

So, axiom S1 holds.

(S2) Let @« = 8 =1, and let A be any non-zero matrix. Then, (o + ) A = 2A, but
aA 4+ BA = 0. Hence, axiom S2 fails.
(S3)
a(BA) = (ap) A
So, axiom S3 holds. (We know this is true for matrix multiplication.)
(S4) Since 1A = A, axiom S4 holds.
This is not a vector space.

3. The set F/(—oo, 00) of all functions on the real line with ordinary scalar multiplication
and addition defined as (f + ¢)(z) = max{f(x), g(x)}.

(A) Since (f + g)(z) = max{f(z),g(x)} is a function, (f + g) (z) € F(—o00, ), and

axiom A holds.

(S) (af)(z) = af (z) € F (—00,0). So, axiom S holds.

(A1)
(f+9)+h)(x) = max{(f+g)(z),h(x)}
= max{max{f(2),g(z)},h(z)}
= max{f(z),g(z),h(z)}
= max{f(z),max{g(z),h(z)}}

(2),
= max{f(z),(g+h)(z)}
= (f+(g+h)(z)

So, axiom Al holds.



(A2) If 0 = g (), then f (z) 4+ g () = 0 for all z. If we define

(x)—1, =<0
f("”):{g(x)ﬂ, x>0
Then
Frae = {40120
# [f(x)

So, no matter what we try to define 0 as, we can always find a function f (z) so
that f (x) +0 # f (x) for all x. Hence, axiom A2 fails.

(A3) Axiom A3 fails - there is no zero vector, so we cannot have an inverse.
(A4)

(f+9)(z) = max{f(x),g(z)}
max {g (v), f (v)}
= (9+f)(z)

So, axiom A4 holds
(S1) Let f(z) =1, g(x) =3, « = —1. Then,

a(f+g)(x) = amax{f(z),g(z)}
= (_1).3
— -3

But,

(af +ag)(z) = max{af(z),ag(z)}
= max{—1,-3}
- 1

So, axiom S1 fails.
(S2) Let f(z) =1, =1, 5= —1. Then

(a+p)f(z) = 0f(x)

But,

(af +5f) () = max{af(x),Bf (x)}
max {1, —1}
=1

So, axiom S2 fails.



So, axiom S3 holds

(54)
(1f) (@) = 1-f(x)
f ()
So, axiom S4 holds
This is not a vector space.
4. The set of all 3 x 3 matrices of the form
a 0 b
0 ¢ O
d 0 e

where a, b, ¢, d, e are real numbers, with ordinary addition and scalar multiplication.

(A)

0 g a+f 0 b+g
h 0| = 0 c+h 0
0 j d+i 0 e+j

+

o o o

f
0
i

QL O 2
o o O

which has the proper form. Hence, axiom A holds.

(S)

Q

e

I

Q
Q.o o
oo o
o o o

aa 0 ab
= 0 ac O
ad 0 «e

which is of the proper form. So, axiom S holds.
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So, axiom Al holds.

(A2) Let

Then
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Then

—C

—e

So, axiom A3 holds.

(A4)

So, axiom A4 holds.



(S1)

(52)

So, axiom S1 holds.

(a+5)A

So, axiom S2 holds.

S o O
o o o
S0 O
o O

]+

a [
[ o+ f b+ g
c+h 0

| d+1 0 e+y

a(a+ f) 0 a(b+g)
0 a(c+h) 0
a(d+1) 0 a(e+))

[ aa + af 0 ozb+ag]

o—|— _ O
S oW

0 ac+ ah 0
| ad+ i 0 ae+ aj

[ aa 0 ab af 0 ag
0 ac O |+ 0 ah O

| ad 0 «ae w0 «aj
a 0 b f 0 g
al0 c 0O|4+a| 0 A O
d 0 e t 0 g
aA+aB
a 0 b
(a+B) 0 ¢ O
d 0 e
(a+B)a 0 (a+pB)b
0 (a+pB)c 0
(a+B) 0 (a+B)
aa + Ba 0 ab + (b
0 ac + Be 0
ad + Bd 0 ae + Pe
aa ab
0 0 |+




b
a(fA) = alp 0
e

QU O 2
o o O

= al| 0 Be 0
Bd 0 pe

(-Jzﬁa 0 «apb
= 0 afc 0
afd 0 «afe

|

[ Ba 0 51

= (af)

QU O
o o O
o oo

= (ap) A

So, axiom S3 holds
(S4) Since 1A = A for any matrix A, axiom S4 holds.

This is a vector space.

5. The set My of all invertible 2 x 2 matrices under ordinary scalar multiplication, but
addition is defined as A + B = AB.

(A)
A+ B=AB € My,
So, axiom A holds.
(S) )
o5 a] =0 o]
So, axiom S holds.
(A1)

A+(B+C) = A+ BC
= A(BC)
— (4B)C
(A+B)C
(A+B)+C

So, axiom Al holds
(A2) Let



Then

a b ] 10
avo - |1 d_+[0 1}
o Ja b]]10
o ¢ d||01
_ [a b ]
o ¢ d |
B 1 01[a b
o (0 1] [cd
B 1 0_+ a b
o |0 1] c d
= 0+ A
So, axiom A2 holds.
(A3) Let

10

=[5 o)

We need to find a matrix B such that A+B =0, or AB = I. Thissays B = A7!,
but A~! does not exist. So, axiom A3 fails.

(A4) Let
a=[13]m=]2 5]

A+B = AB
(1272 4
T 13|25

_[6 14
o819

Then

But,

B+A = BA
(2471 2
N 2 5 1 3
B 6 16
- 7 19
So, axiom A4 fails.
(S1) Let oo =2,



Then,
a(A+B) = a(AB)

But,

ad+aB = 2 é ?]+2{1 0]

So, axiom S1 fails.
(S2) Let a =1,5=—1,

10
ot
Then,
(aw)A—oH?]
_Joo
00
But,
aA+ﬁA:1HH+(—1)HH
J1o0 -1 0
~ o 1}+[0 —1}
I I I B B
= Lo i[5 4]
=10
- 17 4

So, axiom S2 fails.

(S3)

So, axiom S3 holds.



(S4) Since 1A = A, axiom S4 holds.
This is not a vector space.



